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Abstract

The dynamics of a generalized non-degenerate optical parametric down-
conversion interaction whose Hamiltonian includes an arbitrary time-dependent
driving part and a two-mode coupled part is studied by adopting the Lewis—
Riesenfeld invariant theory. The closed formulae for the evolution of the
quantum states and the evolution operators of the system are obtained. It is
shown that various generalized squeezed states arise naturally in the process,
and the two-mode squeezed effect is independent of the driving part. An
explicitly analytical solution of the Schrodinger equation is further derived as
the classical generalized force acting on each mode and the coupling of the two
modes both have harmonic time dependences. This solution is found to be in
agreement with previous research in special cases.

PACS numbers: 42.65.Yj, 42.50.Dv, 03.65.—w

1. Introduction

Over the past 30 years, the study of squeezed states of the electromagnetic field has attracted
a great deal of attention because of their potential applications ranging from gravity wave
detection [1] to reduction of quantum noises in optical communication systems [2]. Squeezed
light has a lower value of noise dispersion in one quadrature component as compared with that
of coherent light at the expense of larger noise in the complementary quadrature component [3].
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A powerful tool for generating squeezed states is optical parametric down-conversion. Down-
conversion processes can be categorized as vacuum seeded, where only the high-frequency
pump light beam is incident on the system, and bright seeded, where there is an additional
incident low-frequency light beam. If the vacuum-seeded down-conversion takes place in a
travelling wave system (no optical feedback), it is known as optical parametric fluorescence;
if there is optical feedback (i.e. the material is inside a cavity), then the process is known
as optical parametric oscillation. If the bright-seeded down-conversion occurs in an optical
feedback system, it is known as optical parametric amplification. The quantum mechanical
descriptions of a parametric down-conversion process in a degenerate parametric amplifier
have been studied in detail [4-7]. Similar two-mode states were considered in various works
[8-25]. The two-mode squeezed state, generated from a parametric down-conversion process
with the Hamiltonian being [8, 10]

2
H@) = Z w;a7a; + G +igla,a, expli(wt + ¢)] — afa; expl—i(wt + 9)1}, (1.1)
j=1

has its idler-mode photon and signal-mode photon entangled with each other in the frequency
domain, i.e. the correlation between idler mode and signal mode gives rise to two-mode
squeezing [9]. On the other hand, it has been shown that the forced quantum oscillator
subjected to a transient ‘classical’ driving force can generate coherent states [12]. In particular,
the dynamics of a parametric amplifier whose Hamiltonian is composed of two forced quantum
oscillators plus a parametric down-conversion interaction was studied very recently by virtue
of the entangled state representation [9], where the solutions of the Schrodinger equation are
derived, of which the simplest solution is a squeezed coherent state. However, in [9], only
a special case is considered, i.e. the driving and pump parameters in the Hamiltonian were
confined. In this work we shall study the dynamics of arbitrary time-dependent generalized
parametric down-conversion by virtue of the Lewis—Riesenfeld invariant theory. In section 2
the dynamical system is defined in detail. In section 3 the closed formulae for the time
evolution of the quantum states and the evolution operators of the system are obtained by
selecting proper Hermitian invariant operator. In section 4, the analytical and explicit solutions
of the Schrodinger equation are derived in detail when the classical generalized force acts on
each mode and the coupling of the two modes have harmonic time dependences.

2. The dynamical system

The Hamiltonian of the time-dependent system in this study is (in natural units 7 = ¢ = 1):

H=H,+H, +H, (2.1a)

Hy = 22: Qlwata; +G@) (2.1b)
jjl

H, = Z G;(1) [&J*- exp(ig; (1)) +a; exp(—ig; )] (2.1¢)
j=1

H, = Go(t)[afas exp(ig (1)) + &, 4, exp(—ig (1))] (2.1d)

where a ; and &}' are the annihilation and creation operations for the mode j (j =1, 2; j is
assigned the same values in what follows), respectively, and satisfy the following commutation
relations,

[aj.a5] = S [a;, ar) = [a,a;] =0 (, k=1,2) (2.2)
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where Q(]) ), G(t), Gia(t), ¢ (t), G (¢) and @; () are arbitrary real functions of time; Hyis the
free Hamiltonian for the two-mode field; H , is referred to as the driving part, G ; () exp(ip; (1))
can be regarded as a classical generalized driving force acting on the mode j [13]; H,
represents the two-mode coupled part, Gi(¢) and ¢ () are arbitrary pump coupling
parameters. Generally speaking, when all parameters are arbitrarily time-dependent functions,
the Hamiltonian (2.1) may describe a generalized parametric down-conversion process.
Hereinafter, we will derive the closed solution of the Schrodinger equation for this general
situation. When the classical generalized force acts on each mode and the coupling of the
two modes both have harmonic time dependences, the analytical methods are at hand, i.e. we
consider the harmonic time-dependent driving parameters

Gj(l):GjCOS(,()jl‘, cp](t)=0 2.3)

and the harmonic time-dependent pump coupling parameters

G1o(1) expliep (1)] = % exp [i (% Q1 — d))] . (2.4)

Here G; and w; are the time-independent amplitude and frequency of the driving force,
respectively; k describes an effective macroscopic non-linear coupling strength, ¢ is the
constant pump amplitude (assumed to be undepleted), & is the phase difference between
the pump field and the total phase of the two squeezed modes [10], 22 is the pump mode
frequency. We suppose Q? is the cavity mode frequency, and define

AQ=2Q - Q- Q. (2.5)

When G; = 0 and the frequencies Q? and Qg sum up to the classical pump frequency
2Q, i.e. AQ = 0, we have parametric resonance. In this case the Schrodinger equation is
straightforward to solve [11]. When G;(¢) # 0, G12(t) # 0 and AQ2 # 0, Hamiltonian (2.1)
describes the detuned non-degenerate parametric down-conversion process acted by a classical
generalized driving force inside a cavity, two down-conversion photons with frequencies €2,
and €2,, which are fixed by the phase-matching conditions and satisfy

20=0,+%Q, (2.6)

are assumed to leave the cavity with a direction parallel to the pump. However, the cavity
frequencies Q¥ and Q) might be slightly deviated from €, and €2, due to uncontrollable
broadening mechanisms (e.g. mechanical and thermal vibrations of the cavity mirrors which
charge the cavity length). Certainly, the cavity is used in order to avoid the frequency
broadening of its output signal and idler field (due to parameter fluorescence) and the spatial
dispersion (light cone) [10]. In some particular cases, our model can return to those studied
in previous researches [8—11].

3. A closed solution of the Schrodinger equation for the generalized parametric
down-conversion

The time evolution of the quantum states follows the Schrodinger equation

.0 N

lgllﬁ(t)) =H@®)|y@)). (3.1
A Hermitian operator I (¢) is called invariant if it satisfies

i%i(z) +[I@®),HH] =0. (3.2)
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Because the two photons are always created together in a parametric down-conversion
interaction, we can construct the Hermitian invariant by using unitary transformation of
Hermitian operator [y = afa; — a;a,, namely

[(®) = D121 (1) Da(z2() S € @) 105" (1) D3 (22(1)) DY (21 (1)). (3.3)
Here D j(z;(2)) is the displacement operator for mode j, defined by

Di(zj(n) = exp[z;(a} — Z5(1)a;]. (3.4a)
S (&(2)) is the two-mode squeeze operator, defined by

$¢) = exp[§*(Daya, - £(Da7a;] (3.4b)
where

zj (1) = r;j(t) exp(id; (1)) (3.5a)

£(1) = s(1) exp(if (1)) (3.5b)

supposing that r;(t), 6;(¢), s(t) and 6(¢) are real functions of time. For brevity, the time-
dependent parameters z;(¢), £(t), s(t) and 6(¢) are denoted as z;,&,s and 6 (when t = 0,
denoted as 7o, &0, so and ), and may be determined by equations (2.1) and (3.2). By using
following relational expressions (omitting their Hermitian conjugate formats),

D.(zpa;jDi(zj) = a; — z; (3.6a)
S(£)a;8%(€) = a; coshs + a3 exp(if) sinh s (3.6b)
S(£)a,8%(€) = a, cosh s +a; exp(if) sinh s (3.6¢)

and from (3.3) and (3.6), we get

() =data, —ata, — atz) — a,2f +alz, + 4,25 + 2,2 — 2,23, (3.7
From (2.1) and (3.7), the following commutation relation can be obtained:
(), Hn)] = {[Q)()z1 + G ()25 expli (1) + G (1) explign (1))] &}

—[Q8()z2 + G2 (1)z} exp(ip (1)) + G (1) exp(ipa (1)) ] a5} — Hec.

+G1(1)[z1 exp(—ipi (1)) — 27 exp(ig) (1))]

— Ga(t)[z2 exp(—iga(1)) — 25 exp(ig2(1))]. (3.8)

Here H.c. stands for Hermitian conjugate. Combining (3.2), (3.7) and (3.8), we obtain
following independent differential equations:

de 0 0

3 = 2Gn() coth 25 cos(@ — ¢ (1) — 1) — ) (3.9q)
ds .

< = G sin® - ¢(1) (3.95)
dZ] _ . 0 % . .

5 = 1[0+ G0 explip) + G explioi ()] (3.100)
d

= = —i[B0z + Gz P9 () + Ga) expliga )] . (3.105)

It is easy to show that the displacement operator parameters z; and z, depend on the driving
part and the two-mode coupled part simultaneously, whereas the two-mode squeeze operator
parameters, the squeeze factor s and the squeeze angle 6, are independent of the driving part
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(see (3.4), (3.59), (3.9) and (3.10)). By substituting the solution z; and z, from (3.10) into (3.7),
we can obtain the time-dependent invariant /(f).
Let |n1, ny) be the eigenstate vector of the operator [y, i.e.

Lolny, na) = (n1 — na)lny, na). 3.11)
Rewriting D (21)D2(22)S(&)|n1, n2) as |21, 22, &, ny, na), ie.
D1(z1)D2(22)S(E) |ny1, na) = |21, 22, €, 1, 1) (3.12)
we have
1(t))z1, 22, &, n1, na) = D1(21) Da(22)8(6) 1087 (€) D3 (22) D (21) D1 (21) D2(22) S (&) 1, o)
= (n1 —n2)|z1, 22, &, n1, na). (3.13)

Obviously, the state D1(z1)D2(22)S(€)|n1, n2) is an eigenstate vector of the operator 1(@).
In addition, by using equation (3.12) and ) |ny, n2)(ny, ny] = 1, we can prove the
completeness relation of |zy, 22, &, ny, n2),

> lzis 22, €m0, ma) (2, 22, €,

ny,na

ny,n2

= D1(21)D2(22)8(8) Y In1, ma)(n1, na| 8 (§) D} (22) D (z1)

= Di(z21)D2(22)S(€)8*(£) D3(22) D} (z1) = 1. (3.14)

According to the Lewis—Riesenfeld quantum-invariant theory [26, 27], the general solution of
the time-dependent Schrédinger equation (3.1) can be expressed as

W (@) =Y Coymy explictnn, (D11z1, 22, €, 11, 12)

niy,ny
=Y Cony expliat,n, (1D1(21) D2 (22) (&) ny, n2) (3.15)
ny,na

where o,,,,(t) is Lewis—Riesenfeld phase, it can be decomposed into a geometric phase
Ymn, (¢) and a dynamical phase B,,,,(¢), namely

iy (8) = Vayny () + By, (F) (3.16a)
where
! d
annz(f)=/0 <leZ2,§7n17”2|i5|11712y%-anls”2)dt (3.16b)
4 A
Buin, (1) = _./o (21,22, &, n1, nol H(t)1z21, 22, §, ny, na) dt. (3.16¢)

Obviously, o,,,,(0) = 0. By adopting the following relations (omitting their Hermitian
conjugate formats) [28]

S*(&)a,8(¢) = a, coshs — a3 exp(if) sinh s (3.17a)
§*(£)a,8(€) = a, coshs — &} exp(if) sinh s (3.17b)
Di(zp)a;D(z)) = aj +z; (3.17¢)
ﬁj (zj) = exp (z;a}) exp(—z}a;) exp (—327z;) (3.18a)

S(¢) = exp (—ajas e tanhs) exp [—(aja, + a3, + 1) In(cosh s) | exp(a,a, e tanh )
(3.18h)
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and substituting (2.1), together with (3.12), into (3.16), a rather lengthy calculation yields the
results

"ri . . . . -
Vun, (1) = / [E(zlzf + 2,25 — 2,2F — 2,23) — (n) +ny + 1)8 sinh? s] dr (3.19a)
0

Buin, (1) = — / {[Q)t)n1 + Q) (t)na] cosh?® s + [Q)(1)ny + QY () + QY (1) + Q3(1)] sinh? s
0

+Q{(1)z12} + QY(1)z,23 ) dr —/ {Gr2(D[z7z; exp(igp (1)) + 2,2, exp(—ig (1))
0

— (ny +ny + 1) cosh(0 — ¢ (1)) sinh 251 + G (t)[z] exp(ip; (1))
+z, exp(—ig1(1))] + Ga(1)[25 exp(ipa (1)) + z, exp(—ip2 ()] + G(1)} dt.

(3.19b)
Here z, = %‘, 2, = %, 6 = %. Substituting (3.19) into (3.16a), we may also write the
Lewis—Riesenfeld phase as
Oy, (1) = —[e1()ny + &2(Dn2] + 0 (1) (3.20)
where
t
e1(t) = / [Q)(t) — G12(t) cos(® — ¢ (1)) tanh 5] dt (3.21a)
0
t
&(t) = f [Qg(t) — Ga(t) cos(@ — ¢(2)) tanhs] dr (3.21b)
0
! Gi(®), , . .
o(t) = G12(1) cos(0 — ¢ (1)) tanh s — > [z} exp(ig1 (1)) + z; exp(—ig; (1))]
0
G(1) . :
- 22 [25 exp(ig2 (1)) + 25 exp(—ig2 ()] — G(t)} dr. (3.22)
At t = 0, the initial state vector of the system is
¥/(0)) = D1(z10) D2(220)80) Y Coyy 1, 12). (3.23)
np,ny

From (3.20)—(3.23) and (3.15), we obtain the time evolution of the quantum states
(1) = exp(io (1)) D1 (21) D2 (22) 8 (€)

x exp [—i(e1()a]a, + e2(1)a3a,) ] $* (50) D3 (220) D} (210) 19 (0)). (3.24)
In what follows we suppose s(t = 0) = so = 0, from (3.4b) and (3.5b), we have
S(&) = S[so exp(ifp)] = §* (&) = 1 (3.25)

the state vector (3.24) becomes
¥ (1)) = exp(io (1)) D1(21) Da(22)8(€) exp [—i(e1 (1)t a, +e2(1)a3a,)]
x D3(220) D} (z10) ¥ (0)). (3.26)

In special situations, the solution is relatively straightforwardly obtained. For example, if the
quantum system starts in a coherent state |1 (0)) = D;(z10) D2(220)]0, 0), the state vector
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(3.26) can be rearranged to the following normal ordered form by using (3.18) and the
Hermitian conjugate format of (3.6a):

Y1) = exp(io (1)) D1 (21) D2(22)5(5)10, 0) = exp(ioy) exp [—exp(if) tanh 54145 |
x exp {[z1 + 23 exp(if) tanh s]a] } exp {[z2 + 2} exp(i6) tanh s]a3 } |0, 0).
(3.27a)
Here
exp(io) = exp [ia (t) — In(cosh s) — %(z’fz] +2522) — 2125 exp(if) tanh s]. (3.27b)
On the other hand, from (3.26), we can obtain the evolution operator
U1, 0) = exp(io (1)) D1 (21) D2(22)§(€) exp [—i(e1 (a7 a, + e2(1)238,) | D3 (220) DY (z10).
(3.28)
In the Heisenberg picture, the time evolution of arbitrary operator is given by
Ay = U*(t,0A0)U (¢, 0). (3.29)

It is useful to obtain the time evolution of the annihilation operator. Combining
equations (3.17), (3.6), (3.29) and relations

exp [i(e1(1)ata, +&2(1)a3a,)a; exp [—i(e1(1)aja, +e2(1)a3a,)| = exp(—ie;(1))a;

exp [i(e1(1)aja, +&x(1)aya,) a7y exp [—i(e1 (1)aja, +x(1)aya,)| = explie; (1)a; 30
we have

a;(t) = coshs exp(—ie1)(a; — z10) — sinh s expli(ez + 9)](&; + zﬁo) +23 (3.31a)
ar(t) = cosh s exp(—iez)(ay — z20) — sinh s exp[i(e; + 9)](&;r + z’fo) + 725. (3.31b)

The creation operators dj (t) and a; (¢) follow (3.31) by taking the Hermitian conjugate. The
time dependence of other combinations of annihilation and creation operators can be obtained
in a similar manner.

4. An explicitly analytical solution with specific harmonic time-dependent functions

Having presented in detail a very general solution in the previous section, which can be
evaluated by the standard numerical method, we are now in a position to find an analytical
solution by choosing proper harmonic time-dependent functions (see (2.3) and (2.4)) as
follows.

It is convenient to define the parameters

ke AQ
Gpit)=—=g, k=—. 4.1
12(2) 7 =8 2% 4.1
From (2.4), (3.9) and (4.1), we have
dsin(0 +2Qt + ®
sin( ) 42 coth 2s sin(@ + 291 + &) = —2k. (4.2)

ds
From (2.3), (2.4), (3.10) and (4.1), we get
d? [z, exp (iR207)] + gk d [z, exp (iQ71)]
dr? dt
X {[ing cos wyt exp[—1(2Q2t + @] + G [iw; sinw;t — (Qg — 282) cos a)lt]}
(4.3a)

— g%z, exp (iQ0t) = exp (iQ)r)
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2 'QO 'QO
& [z exp (i€27)] [=2 ezg(l 27)] + i2gk—d =2 exgt(l 2!)] — gz, exp (iQ3t) = exp (i)
x {[igG1 cos w;t exp[—i(2Q1 + @] + G[iw; sinwyt — (R — 2Q) cos wat ]} .

(4.3b)

Using the condition s > 0 and the initial condition sg = 0, we can solve (3.95), (4.2) and (4.3)
separately for three different cases: k> < 1,k* > 1 and k* = 1.
Thus, in the case k> < 1, the solution of (3.9) and (3.10) is

sinh (g13/T— k%) + /1 — k2 + sinh? (g1 /T — K2)

s = In T k2 (44@)
0=m—2Qt — ®+arg <cosh (gtvV1—K2) + i\/Ik——I<2 sinh (grv/1 — k2)> (4.4b)
igG, exp(—i®) exp[—1(22 — w»)t]
i1 = Z21h — )
2 2Q - Q) — w)” — 28k (2Q — QF — w) + g2
N exp[—i1(2Q2 + wy)t]
(2Q — Q) + @)’ — 28k 22 — Q0 + wy) + g2
G, (29 - Qg + a)l) exp(iwt)
2 (20 + @) +2gk (0 +w)) + g2
(2Q — Q) — w1) exp(—iw1) “.50)
(Q) — 1)’ +2gk (R — ;) + g2 '
igG exp(—id) exp[—i(2Q2 — w)t]
2y = 22n — ) 0 2 0
(29 - Q) — )’ —2gk (2Q — Q) — @) + &2
N exp[—i1(22 + w)¢]
(22 — Q4 +w))’ —2gk (22 — QL+ wy) + g2
G, (2@ — QY + w,) exp(imat)
2 [ (0 + )’ +2gk (Q)+ ) + g2
N (29 — Q? — a)z) exp(—iwst) 4.5b)
(Qg - w2)2 +2gk (Qg — a)z) + g2

where the general solution of the homogeneous part of (4.3)

zjn = [Bjexp (gtv1 —k?) + C;exp (—gtv/1 — k)] exp [—i(Q(} +kg)t] (4.6)
and B ; and C ; are integral constants, which are determined by the initial conditions z i = Zjo

In the case k% > 1, the solution of equations (3.9) and (3.10) has the same form as in the case
of k2 < 1 with the substitution /1 — k2 — iv/k2 — 1. In the case k2 = 1, the solution also
has the similar form as in the case of k2 < 1; however, the variables s and 6 are the limit of
(4.4) as k — %1, and z;, in (4.5) must be replaced by z;;, = (B; + C;t) exp [—i(Q‘} +kg)t].
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Substituting s, 8, z, and z, above in various cases into (3.21), (3.22), (3.26) and (3.29),
the explicitly analytical formula for the time evolution of the quantum states and the evolution
operators of the system can be obtained. In specific cases, our solution can recover to the
previous results [8—11]. For example, if the parameters in expressions (2.15), (2.3) and (2.4)
9(1) = Qg =G({t)=0,G1 =%, Gy =0,2=wy, ® =7 and g = @ — wp, the Hamiltonian
(2.1) can be reduced to the model in [9]. The solution of [9] (i.e. a squeezed coherent state)
corresponds to our results in the case of | (0)) = D1(z10) D2(220)10, 0) and k = —1 (see (2.5)
and (4.1)). This can be done by the following procedure (which is not shown here for brevity),
i.e. using the conditions above and supposing that

og 1 1 rg 1 1
B = — + - — + , C, =0,

2 [(wo+w)?  (wy— w)? 2 [(wo+w)*  (wo— w1)?
inserting (4.4) and (4.5) into (3.22) and (3.27). If the parameters in the Hamiltonian (2.1)
Q) = Q9,G(1) = 0,G;(t) = 0 and G12(r) explip ()] assume the form of (2.4), and
the system starts in a vacuum state |y (0)) = |0, 0), i.e. zj0 = z,, = 0, by inserting the
parameters s, 6, z;, = 0 and z, = 0 solved from (4.4) and (4.5) for k* < 1, into (3.22) and
(3.27), we can get expression (A12) in [10], i.e. a detuned two-mode vacuum-squeezed state
solved by using Lie group methods. Moreover, if the parameters in the Hamiltonian (2.1)
Q1) = w,. D) = @, G;(1) = 0,Ga(t) = 8. G(1) = (g +wp)/2 and p(1) = —F —
2wt, our model can lead to the results in [8].

5. Summary and conclusions

In the present study we have derived a closed solution of the Schrédinger equation for a
generalized non-degenerate optical parametric down-conversion whose Hamiltonian includes
an arbitrarily time-dependent driving part and a two-mode coupled part. In the case of the
harmonic time-dependent parameters we have further obtained an explicitly analytical solution.
It is not difficult to show that the dynamics of a generalized parametric down-conversion
directly leads to the production of generalized squeezed states. By choosing different initial
states and parameters in the Hamiltonian (2.1), one can obtain various generalized squeezed
states. For instance, we may arrive at a detuned two-mode vacuum-squeezed state [10] for
the initial vacuum state |¢(0)) = |0, 0), and a squeezed coherent state [9] for the initial
coherent state. Moreover, the choice | (0)) = |ny, ny) results in the family of the two-mode
squeezed number states, and so forth. It is also shown that the unitary squeeze operator that
may generate the two-mode squeezed effect is independent of the driving part, whereas the
unitary displacement operator depends on the driving part and the two-mode coupled part
simultaneously (see equations (3.9) and (3.10)). With the evolution operator (3.29) it is also
straightforward to calculate the time evolution and expectation value of the arbitrary operator;
thereby we can further study the various quantum properties of the quantum system, for
example, the quantum fluctuation of the two-mode squeezed states, the signal-to-noise ratio
of the signal (or idler) mode and so on.
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